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ABSTRACT

Free oscillations in square, midlatitude basins with continental shelves and planetary vorticity gradients are
numerically computed using the nondivergent shallow-water equations. The topography may rend a planetary
mode into a family of basinwide modes, each comparable to the flat-bottom counterpart in frequency and
midbasin structure. This phenomenon can be interpreted in terms of coupled planetary wave-shelf wave os-
cillations. The mechanism provides an alternative to strong dissipation in explaining broadbanded planetary-

wave signals observed in tide gauge records.

1. Introduction

Barotropic free oscillations of ocean basins on a ro-
tating earth have been theoretically predicted (e.g.,
Lamb, 1932, Ch. 8) for a variety of simplified geom-
etries. For example, Longuet-Higgins and Pond (1970)
considered a hemispherical basin of constant depth as
a model of the Pacific Ocean and discussed solutions
in terms of gravity, planetary and other new types of
wave motion.

More recently, Platzman and collaborators (1978;
1981b; 1985) have developed a model world ocean with
topography and numerically calculated barotropic
normal modes of period between 8 and 96 hours.
Gravity provided the dominant restoring force for
modes with period less than about 30 hours. Longer
period oscillations were vorticity waves predominantly
trapped to strong topographic features, sometimes
coexistent with very weak planetary wavelike flow.
Platzman’s finding of no modes significantly controlled
by the planetary vorticity gradient was surprising, al-
though perhaps adumbrated by previous studies of the
strong effects of topography on vorticity waves (e.g.,
Rhines and Bretherton, 1973; Anderson and Killworth,
1977). It should be noted that the topography in Platz-
man’s model may not have been sufficiently resolved
to model these vorticity modes accurately.

Sea level records from island tide gauge stations pro-
vide the best possibility for observing basin-scale os-
cillations excited at resonance. Definitive observations
of either gravity or vorticity modes, as evidenced by
resonant peaks in power spectra, are still lacking (see
Luther, 1983, for historical background); however,
Luther (1980; 1982) presents inter-island coherence
spectra that suggest the presence of a basinwide, Pacific
Ocean, planetary mode having a period of about 5 days.
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The response is directly observable only as a broadband
peak (or shoulder) in sea-level power spectra. Conse-
quently, Luther’s estimate of Q ~ 4,' on the assump-
tion of a single resonant mode, implies quite large fric-
tional damping. A direct estimate, such as this of dis-
sipation for large-scale flow, bears strongly on oceanic
modeling assumptions.

In the light of Platzman’s computations and the
many theoretical studies of the strong effect of topo-
graphic vortex stretching on vorticity waves, Luther’s
observations seem puzzling. Are there analogues of flat-
bottom, barotropic, planetary oscillations in oceanic
basins? Is it strong dissipation or planetary mode spec-
tral density that produces the aforementioned broad-
band response? These questions have motivated nu-
merical investigations of the effects of topography on
Rossby modes using the eigencodes of Platzman (1978).
We have adapted these codes to solve nondivergent
approximations of the shallow-water equations with
high resolution over variable relief in a square basin.

We find that a particularly intriguing phenomenon
occurs when a continental shelf surrounds an otherwise
flat basin. A given, nondegenerate (singlet), flat-bottom
Rossby mode may be rent into a family of basinwide
modes, each member of which resembles the flat-bot-
tom counterpart in frequency and midocean structure.
This effect appears best interpreted in terms of coupled
planetary wave-shelf wave oscillations. We emphasize
that the effect of the shelf is a strong perturbation of

! The resonance quality Q is defined to be f/Af, 2, where fis the
free mode frequency and Af, is the resonant peak bandwidth at the
one-half power point of the freely decaying mode spectrum (see
Luther, 1982).
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the spectrum. Thus, this phenomenon is distinct from,
say, the splitting of degenerate (multiplet) normal
modes of the solid earth by weak perturbations (e.g.,
Dahlen, 1968). With moderate dissipation, the present
effect could cause peak-width Qs of resonant planetary
modes as estimated from tide gauge data to be un-
realistically small.

Model resolution here is limited to 50 km in a 4000
km square basin, so that the idealized shelf is far from
realistic. The importance of baroclinicity must also be
investigated since internal osciliations can possess fast
time scales near steep topography and in low latitudes.
However, our intuitive model of coupled oscillations
(section 4) may provide insight for the dynamics when
steeper shelves or internal oscillations are present. The
model also may be able to estimate time scales of leak-
age of planetary wave energy onto and off continental
shelves.

The following section describes two nondivergent
models for vorticity modes. Section 3 presents nu-
merical eigensolutions for these equations. A simplified
model of the response is put forth in section 4. Dis-
cussion of the results and conclusions are contamed in
sections 5 and 6, respectively.

2. Rigid-lid models of vorticity modes

Consider a closed, midlatitude, homogeneous (or
strongly stratified, as in Miles, 1974) ocean in a basin
of nonuniform depth. In Cartesian geometry, free os-
cillations satisfy the linearized, unforced, inviscid shal-
low-water equations (Gill, 1982, §9.9)

u—fo=—gn, (2.1a)
v,+fu=—gn (2.1b)
.+ (Hu)x + (Hv), =0 (2.10)

with zero normal velocity on the boundaries. Here u,
v, n are eastward velocity, northward velocity and sur-
face elevation, g is constant gravitational acceleration,
J(y) the Coriolis frequency, and H(x, y) the fluid depth.
The difficulty in solving these equations and others
derived from them lies in their nonseparability and
their nonconstant coefficients. For these reasons, nu-
merical methods are needed to obtain solutions for
realistic bathymetry.

We are here interested only in the low-frequency,
vorticity wave solutions of (2.1). In order to- filter the
high-frequency gravity waves and, perforce, the Kelvin
waves, we employ (two) rigid-lid analogues of (2.1). An
additional benefit of the rigidlid is to simplify the
model boundary condition. The primary effect of the
rigid-lid approximation is to modify the phase speeds
of waves longer than the deformation radius
= (gH)"*f~'. Flierl (1977) extensively discusses this
effect for flat-bottom situations.

Perhaps the simplest and most familiar approxi-
mation for vorticity waves in this system is quasi-geos-

ARTHUR J. MILLER

1915

trophy (Pedlosky, 1979). Inherent assumptions are that
frequencies are much less than f, depth deviations, A
= H, — H, are linearized about a representative depth
H, and horizontal length scales of flow are small com-
pared with the radius of the earth. With the rigid-lid
assumption, these imply that (2.1) reduces to

fo (2.2)

Vi, + ﬂ¢x+ J(\P, h)=0,
hereafter designated as the rigid-lid, quasi-geostrophic

equation. The velocity streamfunction, v, is defined by
—Yy=u, Y=1, (2.3a,b)

the B-plane approximation, /= f; and df/dy = 8 (both
constant), is invoked, and the Jacobian J(4, B) = —A4,B,
+ A,B,. Let ¢ = Rele"”¢,(x, )] so that, with ¢, =0
on the boundary,
ia’nvzd’n + J(d’n By +@) =0 2.9
H,
forms a self-adjoint generalized eigenproblem in the
frequency, o, (eigenvalue), and streamfunction, ¢, (ei-
genfunction).
More generally, we can incorporate strong depth de-
viations and spatially variable Coriolis effects by ap-
plying the rigid-lid assumption directly to (2.1¢) so that

V- (Hu)=0, (2.5)
and we can define a volume transport streamfunction
-V¥,=uH, Y,=vH. (2.6a,b)

Taking the curl of (2.1a,b) and using (2.5), we have

vy, f
v.[— v.L\=
(o) +Av)-o
hereafter designated as the volume-transport equation.
Let ¥ = Re[e""®,(x, )] so that

Ve, f
j . $,,=-|=0
i,V ( 2 )+J( H)
with ®, = 0 on the boundary forms the eigenproblem
analogous to (2.4).

Discrete versions of both (2.4) and (2.8) form matrix
eigenproblems of the form

iAZ,=0,BZ,, (2.9)

where A is a real, skew-symmetric, matrix operator, B
is a real, symmetric, matrix operator and Z, is the dis-
crete vector analogue of the streamfunction. The gen-
eral form of (2.9) is analogous to Platzman’s (1978)
finite element model. Thus, (2.4) and (2.8) may be
solved using appropriate adaptations of Platzman’s
(1978; 1981a) eigencodes (see Miller, 1986, for details).
The Jacobian is discretized according to Arakawa’s
(1966) formalism, while the gradient operators are dis-
cretized with standard centered differences. Core stor-

2.7

2.8)
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age on the Cray-1 at NCAR limits us to 50 km reso-
lution of the streamfunction in a 4000 km square basin.
This results in a 6241 square eigenproblem. Eigenso-
Iutions of (2.9) yield normalized residuals which are
typically less than 107, Normalized error bounds (see
Platzman, 1981a,b) for the eigenvalues and eigenfunc-
tions are then typically less than 107'2 and 107%, re-
spectively. The numerical procedure is further dis-
cussed in section 3.

To model a continental shelf, we employ the Gaus-
sian shelf depicted in Fig. 1a, b and described by

— 2
H=H0—Dexp[—(—g—zfo—)], (2.10)

where &, is a boundary point, £ the coordinate normal
to the boundary, L = 250 km is the characteristic width
of the shelf, H, = 5000 m is the interior ocean depth
and Hy — D is the shelf depth at the boundary. The
choice of L is limited by the grid resolution. In the
corners of the basin ‘the topography is smoothed by
choosing the shallowest depths of the overlapping
shelves.

3. Numerical eigensolutions

In this section we present numerical solutions of (2.4)
and (2.8). Platzman’s (1978) world ocean, normal
modes code has been adapted to solve the problem at
hand. (Christensen’s, 1973, perturbative technique for
solving a similar shelved basin problem is inappropriate
for generating a full spectral band of solutions.) Solu-
tions of both (2.4) and (2.8) occur in conjugate pairs
corresponding to positive and negative frequency.
(Both solutions in a pair give the same real stream-
function.) The Fortran code implements a Lanczos tri-
diagonalization of an equivalent, standard matrix ei-
genproblem, formulated with the squared frequency
as the eigenvalue. The spectrum of solutions consis-
tently appears in order of decreasing frequency. Lower
frequency solutions are increasingly slow to converge.
(Expenditure of computer time increases drastically
when attempting to increase the convergence of lower
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frequency solutions.) Upon reaching a solution that
has not converged to the desired degree of accuracy
(normalized residual less than 107%), the procedure is
terminated. In a typical calculation, we compute the
first 50-200 eigenmodes and consume 5-15 minutes
of CPU time on the Cray-1 at NCAR. For further dis-
cussion of the numerical procedure see Platzman (1978;
1981a) and Miller (1986).

Calculations are carried out here in a 4000 km-
square basin with 50 km resolution for three scenarios:
(a) f~-plane quasi-geostrophic modes with a shelf, (b) 8-
plane, quasi-geostrophic modes with a shelf and (c)
volume-transport modes with a shelf. Case (a) corre-
sponds to (2.4) with = f,, 8 = 0 and depth deviations,
h = Hy — H(x, p). In case (b), (2.4) again applies but
with nonzero 3. Case (c) corresponds to (2.8) with f
= fo + By, a fully variable linear function of latitude,
and H = H(x, y). The f-plane solutions are useful for
interpreting solutions which include the g-effect.

a. f-plane quasi-geostrophy with a shelf

The quasi-geostrophic framework restricts us to
small depth deviations, A, relative to Hy. Therefore, as
an archetypical case, we consider a 3000 m deep con-
tinental shelf (Fig. 1b; (2.10) with D = 2000 m) sur-
rounding the 5000 m deep, square basin on an f-plane.

The four-fold rotational symmetry of the basin im-
plies that analytical eigenvalues of the continuous
problem are four-fold degenerate. For the discrete
problem, we find instead that distinct eigenvalues,
closely matched in frequency, appear in groups of four.
(Note that the small frequency differences between in-
dividual eigenvalues within a group are many orders
of magnitude above truncation error.) It is finite-dif-
ferencing error which removes the degeneracies. This
loss of degeneracy arises from the perturbation involved
in transforming the continuous operator to the discrete
operator. In general, perturbing a matrix with degen-
erate eigenvalues removes the degeneracy yet preserves
some measure of closeness (related to the size of the
perturbation) of the perturbed eigenvalues to the orig-

FIG. 1. Basin geometry. (a) Profile of the shelf topography from (2.10). (b) Depth contours /
for the case of a 3000 m deep shelf. Here the total depth H = Hp — h with Hy = 5000 m.
() f7H contours for the same case. Here f = f, + By with fo = 9.3 X 107557 and 8 = 2.0 X 107"

m~!s!,
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inal degenerate ones (Bunch, private communication,
1986). This interpretation is substantiated by an anal-
ogous coarse resolution (100 km) case which yielded
larger frequency differences between the nearly degen-
erate eigenvalues.

The associated eigenfunctions of each virtually de-
generate group are orthogonal to each other and to
members of other groups. Basin symmetry manifests
itself in the eigenfunctions; when rotated in 90° incre-
ments, each eigenfunction remains a solution for the
same eigenvalue.

The fundamental shelf wave group (Fig. 2) has one
amplitude maximum along and across each shelf, with
phases propagating with shallower depth on the right.
Lower frequency groups contain more amplitude
maxima, shorter wavelength phase variations, and

8.678d
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larger frequency spreads within the group (indicative
of the increase in discretization error for these smaller
scale solutions). The four modes of the fundamental
group may be linearly combined to form four new
modes, each with an overwhelmingly localized response
on one shelf region (northern, southern, western or
eastern shelf), and a minute response on the others.
Lower frequency groups may be similarly recombined,
but they cannot be so highly localized.

The trapping mechanism which localizes response
on one shelf region is anticipated from shelf-wave the-
ory. Vorticity waves on a shelf will reflect strongly from
the basin wall boundary and the seaward edge of the
shelf. The sharp changes in depth contours encountered
at shelf intersections will partially reflect and partially
transmit incident waves. One can then envision con-
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FIG. 2. Quasi-geostrophic fplane case with a 3000 m shelf depth. The first (highest frequency)
four eigenfunctions. Above each plot is (left) the mode number and (right) the mode period in
days. The modes are normalized to unit amplitude for contouring. Solid lines are constant amplitude
in 0.2 intervals. Dashed lines are constant phase in /3 intervals. (a) Mode 1, period 8.678 days.
(b) Mode 2, period 8.681 days. (c) Mode 3, period 8.683 days. (d) Mode 4, period 8.687 days.
These solutions are degenerate analytically but not numerically. Note that the amplitude structure
on any shelf is very similar for each mode. The phases are oriented such that these four modes
may be linearly combined to produce four independent modes each of which is overwhelmingly
localized on one shelf region. Lower frequency sets of shelf modes (not shown) are less able to be

localized.
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FI1G. 3. Quasi-geostrophic 8-plane case with a flat bottom. The
fundamental mode with period 8.1 days. Contouring as in Fig. 2.

structing the shelf mode from a small number of shelf
waves in a manner analogous to the construction of a
Rossby mode in a basin (e.g., Pedlosky, 1979, p. 148).
The extent to which a group of four modes cannot be
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combined to localize response on one shelf region pro-
vides an indication of the degree to which incident
waves are transmitted around the corners. (Note that
in the continuous geometry the localized, or nearly
localized, response of a linear combination of four or-
thogonal, but degenerate, modes remains stationary for
all time. The discrete case allows the response to evolve
slowly, leaking energy onto adjacent shelves over a time
interval proportional to the inverse of the frequency
spread of the nearly degenerate group.)

b. B-plane quasi-geostrophy with a shelf

With the same 3000 m shelf depth as in case (a), we
include in (2.4) a planetary vorticity gradient which
will allow Rossby-like oscillations. Without the shelf,
the fundamental Rossby mode (Fig. 3; Pedlosky, 1979,
p. 147) has a period of 8.1 days. (The frequency ob-
tained numerically for this mode differs by less than
0.1% from the analytical value.) Without 3, the fun-

FIG. 4. Quasi-geostrophic §-plane case with a 3000 m shelf depth. Counterparts of the funda-
mental shelf modes of Fig. 2 when the basin is placed on a 8-plane. Contouring as in Fig. 2. (a)
Mode 1, period 6.7 days. (b) Mode 21, period 11.3 days. (c) Mode 6, period 8.408 days. (d) Mode
7, period 8.409 days. The g-effect perturbs the virtually degenerate set, causing it to split into two
nondegenerate modes and a virtually degenerate pair. Note that mode 1 extends into the interior,
suggesting a weak interaction with planetary motion.
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damental shelf mode period is 8.7 days (Fig. 2). With
the combined effects, the basin supports a fundamental
wave period of 6.7 days. This particular wave (Fig. 4a)
is strongly localized on the northern shelf where 8 rein-
forces the topographic gradient. Thus, the resultant
frequency is higher than that due to either effect alone.

The first five modes exhibit a progressively stronger
B-like component in the ocean interior, combined with
a strong northern shelf response which resembles f-
plane shelf-mode structures of section 3a. Modes 4 and
5 (Fig. 5b, c¢) have interior response very much like the
fundamental flat-bottom 8-mode. Modes 3 and 10 (Fig.
5a, d) also exhibit an interior response resembling the
fundamental B-mode. The appearance of more than
one frequency of response for these fundamental 8-
mode structures is remarkable.

Lower frequency modes are not easily summarized.
Some resemble pure shelf waves and some are more
aptly described as combination planetary/shelf modes.
A strong shelf response may (i) be very localized (e.g.,
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Fig. 4b), (ii) have a decaying “tail” extending into the
flat interior (e.g., Fig. 4a), (iii) connect to an interior
response which resembles a 8-mode (e.g., Figure 5c),
or (iv) connect to a more complicated interior response
(e.g., Fig. 6). Typically, interior flows interact more
strongly with response on the northern shelf than the
southern. Evidently, this is due to the sense of the to-
pographic gradient vis-a-vis 3; the tendency for phase
propagation is westward both in the interior and on
the northern shelf while the tendency is eastward on
the southern shelf.

The fundamental group of four f~plane shelf modes
(Fig. 2) has an interesting fate on the 8-plane. The 8-
effect acts as a standard perturbation which splits the
(virtual) quadruplet into two singlets and a doublet.
The northern shelf mode appears as the fundamental
mode (Fig. 4a) with frequency shifted to a higher value
than that of its /~plane analogue (namely, the linear
combination of modes from Fig. 2 which localizes re-
sponse on the northern shelf). The structural change

FIG. 5. Quasi-geostrophic 8-plane case with a 3000 m shelf depth. Four modes with strong
interior response resembling the fundamental flat-bottom 8-mode structure of Fig. 3. Contouring
as in Fig. 2. (a) Mode 3, period 7.3 days. (b) Mode 4, period 7.8 days. (¢c) Mode 5, period 8.3
days. (d) Mode 10, period 8.9 days. Note the interaction of the interior response with shelf motion
of varying structure.






